Introduction
Coherent instabilities of particle beams in circular accelerators and storage rings have been the subject of many theoretical and experimental works, starting from the early 1960's. I will not try to review all work done in nearly two decades and will limit myself to give references only to the most recent works or the works more strictly related to the particular way I describe these phenomena. An excellent review of the early work can be found in reference 1 and for some aspects more related to storage rings in reference 2.
It is usual to classify the coherent instabilities as either longitudinal or transverse according to whether they influence the synchrotron or betatron oscillations. The same qualitative descriptionapplies to both cases and for simplicity in this paper I will only consider longitudinal instabilities.
The coherent instabilities we want to discuss are produced by the electromagnetic interaction of the charged particle beam with the walls of the vacuum chamber in which the beam is moving. The wall geometry is complicated by the presence in the accelerator of the diagnostic equipment, radio-frequency cavities and other equipment necessary to operate the system. The field produced by the beam and modified by the walls causes a force, proportional to the beam current, acting on the beam itself and that can lead to what we call a coherent instability.
Since the wall geometry can be very different for the various accelerators it i$ very useful to follow the idea of Vaccaro and Sessler(3) of characterizing the vacuum chamber and all the associated devices, which we will call the "beam environment", by an impedance function Z(w), relating the beam current and the electromagnetic field perturbing the beam. In this way we can study the beam dynamics in neneral terms and then apply the results to a particular accelerator by specifying the impedance.
Although one can write the general equations describing the beam dynamics and the stability properties, it is not possible to obtain a general solution of these equations for a realistic beam charge distribution and wall impedance. It is however possible to obtain solutions valid in certain regions of the parameter space of this problem.
Let us introduce a time scale using the characteristic times of the beam and its environment: the bunch duration, L/c; the revolution time, To; the period of the perturbing electromagnetic field, Tp; the period of synchrotron oscillations, TS; the instability rise time Ti. In all the work done we always assume Ti > To. We and U is obtained from (2.9) with 4p given by (3.2).
To evaluate U we write the single particle current as (P^) (e,t) = e.0 1 6(e-w t-2ffk-2ffp/B-~p) . The term in 1 does not produce instabilities and is small for highly relativistic beams. The resistive wall impedance is smaller than the broad band impedance at high frequency and can be smaller than the resonant impedance at low frequency. In what follows we will neglect terms 1 and 2, for simplicity.
One major difference between the broad band and the resonant impedance is that a signal at frequency o, Our problem is now reduced to finding the eigenvalues and eigenvectors of (3.20). We have no general solution of these equations, although solutions have been found for particular forms of the impedance Z(w) or by introducing other approximations. In the next sections we will discuss some of these solutions. We will discuss (6.1) in the case of no Landau damping, i.e., SU*/iI = 0. Equation (6.1) has been obtained and studied in great detail by Sacherer(12) The solution of (7.7) can be written, using the periodicity in 6, as The formulae (6.21), (6.24) When the instability rise time is shorter than the synchrotron period we cannot apply the results of the previous sections, because in deriving the Hamiltonian (3.13) we used the approximationQ << vo wlO 0(l) different approach can be used whenQ >> vow0
In this case the "synchrotron modes" q are all coupled while using the Hamiltonian (3.13) they are uncoupled as shown by the form (3.15) of the distribution function and equation (3.17).
we can reduce the integral equation We emphasize here that, contrary to the coasting beam case for a bunched beam all frequency components are coupled. Also all synchrotron modes fl(I,6) f(I) eiq6 are coupled, contrary to the slow instability case. In this coupling of all modes lies the difficulty of solving the fast blow-up bunched beam case.
To study equation (7.10) we use the following approach. We consider only high frequency perturbations, i.e., the case no a> 1 (7.13) where a is the rms bunch length in units of machine radius. 4Then we consider the fast blow-up case 0 >> IQIVv0w0 >» V0w0 (7.14) Using these two conditions we simplify the expression of the matrix element (7.11) by assuming Z(nwoQvowo), Z(nwQ) and by evaluating the integral over 6 in the limit I mQ+-. We also rewrite the integration over I and 6 as an integral over e and t to obtain ie2w0 i(n-m)4 af /ac T 82Ev°)fd-(nn/vd)
We now restrict ourselves to the case of a Gaussian bunch (7.15)
In this case the matrix T is diagonal and we obtain the usual coasting beam dispersion relation (3) 
